
 
Paths
1 et X be a topological space Recall that a path in X from
x to X is a continuous function f o D X s t

f o Xo and f i xp we'll now keep 0,1 as our domain

we say twopaths f and g both from to Xi are

homotopic if roughly we can continuously deform one to

the other

doggie topic
not to h

i e We have a continuous family of paths deforming t to g
Precisely

Defi Two paths f and g from x to x are pathhomotopic
if there's a continuous map F Ix I X sit0,13 6,1

Fls 0 t s F s l g s F o t Xo and F 1st x

called a pathhomotopy we write f pg
i e for each teco I we get another path f s F s tt
fwm x to X between f and g

t

g Think of

time the
s Variable



We also have a more general notion of homotopythat we'llcome
back to later

Def If f X Y and g X Y are continuous they are
h ic toeachother if 7 a continuous function

F XXI Y sit F x o f x and F x I glx called a

homotopy betweenf and g and we write fig
If f is homotopic to a constant map we say f is
Mimi

Emma and p are equivalence relations

Pf Clearly f't sit Ffx t f x works

Suppose fEg w homotopy F x t
pathG x t F x I t is a homotopyand gives get

Now assume f g and g h w corresponding homotopies

F and G Define It Xx 0,1 Y by
H x f

2T for beco K
G x 2T l for tech I

It is well defined if t E F x 2ft g x G x 2ft l
Thus it's continuous and therefore a path homotopy D

If t is a path we denote its path homotopy equivalenceclass
by f



EI 1 If f g are paths in 1122 from x to y
we can definethe straight lineholnotopy
F s t l t t s toy s

that connects the point f s to thepoint g s by a

line segment f
In fact this holds for

µ EYRE.IM subspace

g
2 let X be the punctured plane Pi o.o

And f and g paths from f 1,0 to 0,1 sit
The y coordinate of f is 20 and the y coordinateof g
is to

h
There is no Tff

homotopy between
f and g in k
We'll see precisely why later

Productsotpat
If f is a path from toy and g a pathfrom Y to Z



We get a new path f g from to 2 by running fandy
twice as quickly i e

f g g 5 Zs SecoYz
ghs l secy TX yL.zg

pathThis product iswell defined on homotopy classes
i e f g f g as long as 5 l g o

Does this operation have an identity Inverses

Identitiesnm

Each point x cX has an identity id ex the class of the

constant path e s x Then f idy f id f by

changing how quickly we run each path
t

17
More precisely the proof followseasily from thefollowing claim

Chaim If h X Y is continuous and f and g are homotopic

Paths in X then hot and hog are homotopic paths inY
FI XI X

compositi f his continuous y



Thus if i o I o l is theidentity path in CoD then

Go i i since o I is convex But then

f n o I X is continuous so

f fo i e fo e i fo e foi ex f

similarly f e f Ey

Inversesmm

If f is a path from X to y define I to be the pathfromyto

f s f l s

Then f I p Cx by the followinghomotopy
f I Y y y

me it
x x x C

We can see that this is in fact a homotopy by using the
above claim and the fact that i I eo in 0,1

So each point has an identity path and every pathhas an inverse

Claim The path homotopy classes form a groupoid w objects

the points of X and Mor x g f it is apainfgm

Notice Mor x y is nonempty x and y are in the

same path component



All that remains to show for the claim is associativity
which is trickier but we can demonstrate using the following

diagram for f g h paths in X s t

5 i g o and gci h o

f g h

Tt a

r a

f g a h


